If R is a hereditary left artinian ring, then R is left pure semisimple if and only if the family R-ind of all finitely generated indecomposable left R-modules has a (unique) Ext-injective partition R-ind = α δ U α . This partition is used to give a complete description of the distribution of all indecomposable modules over a left pure semisimple hereditary indecomposable ring R of infinite representation type. More precisely, R-ind is the disjoint union of the countable set of all preinjective modules and the finite set of all preprojective modules, and countable sets of Auslander-Reiten components of the form k<ω U α+k , for all limit ordinals α, constructed from the Ext-injective partition of R-ind. In particular, we show that an indecomposable left R-module M is not the source of a left almost split morphism in R-mod if and only if M belongs to U α , where α is an infinite limit ordinal; and the direct sum of modules in U α is not endofinite for each infinite limit ordinal α.
Introduction
A ring R is called left pure semisimple if every left R-module is a direct sum of finitely generated modules, or equivalently, every left R-module is pure-injective (see, e.g., [25, 27, 37, 38, 48] ). It is well known that left and right pure semisimple rings are precisely the rings of finite representation type, i.e. artinian rings with finitely many isomorphism classes of finitely generated indecomposable left and right modules (see [6, 26, 36] ). However it is still an open problem, known as the Pure Semisimplicity Conjecture, whether every left pure semisimple ring has finite representation type (see, e.g., [16] for characterizations of rings of finite representation type). So far the conjecture has been verified for several classes of rings, including all artin algebras [7] , all PI-rings and rings with Morita self-duality [28] . Moreover, a left pure semisimple ring R is of finite representation type if and only if every finitely generated indecomposable left R-module is the source of a left almost split morphism in R-mod [29] , if and only if every finitely generated indecomposable left R-module is endofinite [19] . The reader is referred to [30, 42] for historical surveys, [41, 43] for potential counter-examples for the conjecture, and [2, 3, [20] [21] [22] [23] [24] for some recent results on pure semisimple rings.
In this paper we focus on the class of left pure semisimple hereditary rings. By [28] , the Pure Semisimplicity Conjecture is true if and only if it is true for all hereditary rings. It is well known that preinjective and preprojective modules played an important role in the study of pure semisimple hereditary rings (see, e.g., [4, 39, 40] ). Inspired by work of Reiten and Ringel [35] on finite-dimensional tame hereditary algebras, Angeleri Hügel [2] recently introduced and studied a special module W , called a key module, over a left pure semisimple hereditary ring R, where W is the direct sum of all non-isomorphic non-preinjective indecomposable direct summands of products of preinjective left R-modules. It was shown in [2] that, if R is not of finite representation type, then W is a nonzero finitely generated product-complete module, and no indecomposable direct summand of W can be the source of a left almost split morphism in R-mod. It was shown, furthermore, in [3, 22] , that the key module W is endofinite if and only if R has finite representation type.
In this paper, we study left pure semisimple hereditary indecomposable rings R of infinite representation type, and determine all indecomposable left R-modules that are not sources of left almost split morphisms in R-mod. Our approach is based on an analysis of the Ext-injective partition (introduced in our recent work [23] ; see Definition 2.1) R-ind = α δ U α of the family R-ind of all finitely generated indecomposable left R-modules. We prove that the indecomposable left R-modules that are not sources of left almost split morphisms in R-mod are precisely the modules in U α , where α is an infinite limit ordinal, and the direct sum of modules in each such U α is not endofinite. We also show, using the Ext-injective partition of R-ind, that the class of preinjective modules and the class of preprojective modules form disjoint subsets in R-ind. On the other hand, we deduce from our results that the endomorphism ring of each indecomposable module in R-mod is a division ring. It is interesting to compare these two last properties of modules over left pure semisimple hereditary rings with corresponding features of modules over artin algebras (the first property holds similarly for all indecomposable hereditary artin algebras [11] , while the second property implies finite representation type for any artin algebra [45] ).
More precisely, we prove in this paper the following main result on the distribution of indecomposable modules over a left pure semisimple hereditary indecomposable ring.
Theorem 1.1. Let R be a left pure semisimple hereditary indecomposable ring of infinite representation type. Then the family R-ind of all (non-isomorphic) finitely generated indecomposable left R-modules has a unique
Ext-injective partition R-ind = α δ U α , where each U α is a finite and non-empty set, δ = β + n where β is a limit ordinal and n is a non-negative integer, and the following properties hold.
(1) For all X ∈ U γ , Y ∈ U λ with γ < λ, we have Hom R (X, Y ) = 0.
(2) Let Q = α<ω U α , and P = U β ∪ · · · ∪ U β+n , then Q is the countable set of all preinjective left Rmodules, P is the finite set of all preprojective left R-modules.
(3) An indecomposable left R-module M is not the source of a left almost split morphism in R-mod if and only if M belongs to U α , where α is an infinite limit ordinal. (4) If α is an infinite limit ordinal, then the Ziegler closure of γ <α U γ is ( γ <α U γ ) ∪ U α . (5) For each ordinal α β, the direct sum W α of all indecomposable modules in U α is a tilting module, and its endomorphism ring S α is a hereditary left pure semisimple indecomposable ring. Moreover, S α is right artinian if and only if α is not an infinite limit ordinal. Each module W α is product-complete and not endofinite whenever α is an infinite limit ordinal. (6) If M is any indecomposable left R-module, then End R (M) is a division ring. (7)
The Auslander-Reiten components of R-ind are precisely the sets U α = k<ω U α+k for all limit ordinals α β.
The paper is organized as follows. In Section 2 we give basic definitions and preliminary results that will be needed later in the paper. We show that, for a hereditary left artinian ring R, the left pure semisimplicity of R can be characterized by the existence of the Ext-injective partition of Rind. Several properties of the Ext-injective partitions in R-mod are discussed, especially regarding the distribution of preprojective and projective modules. In Section 3, inspired by some ideas in Angeleri Hügel and Herbera [3] , we study certain tilting modules arised in the Ext-injective partition of R-ind, and consider properties of their endomorphism rings. We also study the Auslander-Reiten components of R-mod using the endomorphism rings of tilting modules arised from the Ext-injective partition. In Section 4, we give a proof of Theorem 1.1, using various results from Section 2 and Section 3, and present some concluding remarks.
As applications of our method, we rediscover a result, due to Simson and Skowroński [44] , that a left pure semisimple hereditary indecomposable ring R, with the infinite Jacobson radical rad ∞ (R-mod) of R-mod zero, is of finite representation type (see Corollary 2.13). Also, we give an alternative proof of a result, due to Simson [39] , that a left pure semisimple hereditary indecomposable ring R, with every preprojective left R-module endofinite, has finite representation type (see Corollary 3.7).
Properties of the Ext-injective partition
Throughout this paper, R is an associative ring with identity and all categories will be additive categories. We denote by R-mod the category of all finitely presented left R-modules, and by R-Mod the category of all left R-modules. The corresponding categories of right R-modules are denoted by mod-R and Mod-R. We denote by R-ind the family of all non-isomorphic finitely generated indecomposable left R-modules.
Let B be a full subcategory of a category A of left R-modules. By Add(B) (respectively, add(B)) we denote the class consisting of all left R-modules that are isomorphic to direct summands of (respectively, finite) direct sums of modules in B.
Following [15] , a left R-module M is called endofinite if M is of finite length as a module over its endomorphism ring. A module M is called product-complete if Add(M) is closed under products. It is well known that endofinite modules are product-complete, but the converse is not always true (see [33] ).
Recall that, if C is a class of modules in R-Mod, a left R-module X in C is said to be an Ext-injective
The following concept, which will play an essential role in our work, was recently introduced in [23] . Definition 2.1. Let R be any ring and C a family of non-isomorphic finitely generated indecomposable left R-modules. We say that C has an Ext-injective partition if C = α<ρ U α , for an ordinal number ρ, with the following properties:
(ii) Each U α is a finite and non-empty set.
(iii) For each ordinal α < ρ, U α is the set of all Ext-injective modules of β α U β .
The next result will show that, for a hereditary left artinian ring R, the existence of the Extinjective partition in R-mod is equivalent to the left pure semisimplicity of the ring R. Proof. (a) ⇒ (b). Suppose that there is an Ext-injective partition R-ind = α<ρ U α . First, we observe the following general fact. Let (C, D) be a partition of the set R-ind satisfying the following condition: If C ∈ C and D ∈ D, then Hom R (D, C ) = 0. If C 1 is the set of all Ext-injective modules in C, and C 2 = C\C 1 , then for all X ∈ C 1 and Y ∈ C 2 , we have Hom R (X, Y ) = 0. This fact can be proved by using the same arguments of the proof of [23, Proposition 4.3(iv) ] (the pure semisimple hypothesis was needed in the proof of [23, Proposition 4.3] only to show that each set C 1 of all Ext-injective modules in C is non-empty and finite). Using this fact, an obvious induction on the ordinals α will show that for all X ∈ U α , Y ∈ U β with α < β, we have Hom R (X, Y ) = 0, proving (b).
(b) ⇒ (c). Assume that (b) holds. Since R is left artinian, to prove that R is left pure semisimple, it is enough to show that (see, e.g., [28, Lemma 3.2] ) for any infinite sequence of nonzero nonisomorphic homomorphisms between finitely generated indecomposable left R-modules
Suppose that M i k ∈ U α k for each positive integer k. Clearly, we have α k+1 α k because there are no nonzero homomorphisms from modules in U α to modules in U β with α < β. Thus we have an infinite descending sequence of ordinals α 1 α 2 · · · α n · · · , which must stop at some point. It follows that an infinite number of the modules M i k must belong to the same U α for some ordinal α.
Since the set U α is finite, there is a bound b (b being a positive integer) on the lengths of the modules in U α . Hence by the Harada-Sai Lemma (see, e.g., [47, 54.1] ) any composition of m = 2 b − 1 nonzero homomorphisms between the modules M i k in U α must be zero. It follows that there is a positive integer n such that
(c) ⇒ (a). Since R is left pure semisimple hereditary, it follows from [23, Proposition 4.3(v) ] that the family R-ind has an Ext-injective partition R-ind = α<ρ U α with ρ a non-limit ordinal. 2
Let R be a left pure semisimple hereditary ring. By Proposition 2.2, there is an Ext-injective partition R-ind = α<ρ U α of the family R-ind, with ρ a non-limit ordinal. Hence ρ = δ + 1 for some ordinal δ, and R-ind = α δ U α . Note that, for every positive integer n, there are only finitely many non-isomorphic indecomposable left R-modules of length n (see [31, 34] ), hence δ must be a countable ordinal. For convenience of notation, we set I = R-ind, and we shall define, for each ordinal α, the subsets I α and I α of I as follows. We set I α = β<α U β , and I α is the complement of I α in R-ind. Thus, we have U α = I α+1 \ I α for each α. Note that if α is any infinite limit ordinal, then I α is the union of all the I β with β < α. Note also that, by the construction of the Ext-injective partition, for any ordinal α δ, the set U α consists of all indecomposable modules M with the following
In particular, it is clear that, for the Ext-injective partition R-ind = α δ U α , the first set U 0 is the set of all indecomposable injective left R-modules, and all modules in the last finite set U δ are projective left R-modules.
Following Huisgen-Zimmermann [29] , we say that a family C of finitely generated left R-modules has a strong preinjective partition if the family ind C of all non-isomorphic indecomposable modules in C has a partition ind C = α<ι C α , for an ordinal number ι, with the following properties: (i) C α ∩ C β = ∅ whenever α = β; (ii) each C α is finite; (iii) for each ordinal α < ι, C α is a minimal cogenerating set for β α C β . An indecomposable module M in add(C) is said to be splitting injective in C if any monomorphism f : M → N with N ∈ add(C) splits. It follows by [10 
Proof.
We proceed by transfinite induction on the limit ordinal α. The result is trivial for α = 0.
Let now α = β + ω for a certain limit ordinal β and assume inductively that 
To show the inverse inclusion, take any indecomposable module M in 
Finally, if α is not of the form β + ω, then {γ | γ < α} = {γ | ∃β < α, β limit, γ < β + ω}. Therefore γ <α U γ = β<α,β limit ( γ <β+ω U γ ). Similarly, γ <α C γ = β<α,β limit ( γ <β+ω C γ ). Then the induction hypothesis clearly implies that γ <α U γ = γ <α C γ , completing the proof. 2
In particular, in view of the above result, we observe that I ω is the set of all the preinjective left R-modules and I ω is the set of all non-preinjective indecomposable left R-modules. In other words, the preinjective left R-modules are precisely those indecomposable modules that belong to some set U n (n being a non-negative integer) of the Ext-injective partition of R-mod. If R is not of finite representation type, then the direct sum of the indecomposable modules in the set U ω is called a key module of R (see [2] or [22] ).
Following [10] , a subfamily B of a family A of modules (closed under direct summands and finite direct sums) is said to be contravariantly finite in A if every module M of A has a right Bapproximation, in the following sense: there exists a homomorphism f : B → M with B ∈ add(B) such that each map in Hom( X, M) with X ∈ add(B) factors through f . When f : M → N is a right Bapproximation of N satisfying the property that, for any endomorphism g : M → M, f • g = f implies that g is an automorphism of M, we say (following [49] ) that f is a B-cover of N.
We will need the following result on general pure semisimple rings. Consider the short exact sequence 0
is a surjection for every C ∈ C. Therefore the long exact sequence
Conversely, assume that L is an indecomposable module in C that is Ext-injective but not splitting injective in C. Then, keeping in mind that C is closed under submodules, the proof of [21, Theorem 4.4] shows that L is isomorphic to a direct summand of some module
We give now the following result that will be very useful in our study of the Ext-injective partition. Consider now a C-cover f : M → X of the indecomposable module X in U β . By Wakamatsu's Lemma (see, e.g., [49, Lemma 2.
Note also that, because the class C contains all indecomposable projective left R-modules, it is clear that f must be an epimorphism. By the properties of the Ext-injective partition, we have that Ext Proof. Take a non-projective indecomposable module M ∈ U α . By Auslander's theorem there is an almost split sequence of R-mod
, also an indecomposable module. First of all, note that if X 0 is an indecomposable direct summand of X , then p( X 0 ) = 0, because otherwise X 0 would be isomorphic to a direct summand of K and hence isomorphic to K itself, so that the given sequence would be split. Therefore, if an indecomposable direct summand of X belongs to U γ , we have γ α. This entails, in turn, that K ∈ U β for some β α. But the fact that Ext
Let us denote by C 0 the union of the set μ α+1 U μ and the set of indecomposable projective modules, and set C = add(C 0 ). Then the C-cover g : L → M is an epimorphism. If g were split, M would be isomorphic to a direct summand of L, hence to a module in C 0 . Since M is not projective, it would have to be isomorphic to a module of some U γ with γ > α, which cannot happen. There-
The reason is that if it is zero, then h factors through the cokernel of u, so that we have a homomorphism f : M → X with the property 
This gives a nonzero homomorphism K 0 → K . We know by Proposition 2.6 that each direct summand of K 0 belongs to U α+1 or is a projective module belonging to some set U γ with γ α. But if P is a projective direct summand of K 0 that does not belong to U α+1 , then Hom R (P , K ) = 0, because K ∈ U β and β > α.
Therefore, there exist some direct summand N of K 0 with N ∈ U α+1 and a nonzero homomorphism
For the converse, let X ∈ U α+1 . Since α + 1 is not a limit ordinal, we know by [23, Theorem 4.4] that X is the source of a left almost split morphism in R-mod, and hence there exists an indecom- (ii) As α is a non-limit ordinal, α = α + k, where α is 0 or an infinite limit ordinal and k is a nonzero integer. We consider now the Ext-injective partition R-ind = α δ U α , so that δ is the largest ordinal for which U δ is a non-empty subset of R-ind. By general properties of ordinals, we know that there exist a unique limit ordinal β and a unique non-negative integer n such that δ = β + n. Thus β is the largest limit ordinal such that U β is not empty. In view of the preceding results, it is important to know where the projective indecomposable modules are located in the Ext-injective partition. In this connection, we show now that, under the hypothesis that the ring R is indecomposable, all projective indecomposable modules belong to the sets U β+k , k = 0, . . . ,n. Proof. Suppose, to the contrary, that there are projective modules P ∈ U γ and Q ∈ U α , but that U β does not contain projective modules. Since R is indecomposable as a ring, there exists a sequence of projective indecomposable modules Q = P 0 , P 1 , . . . , P r = P so that P i , P i+1 are connected by some nonzero homomorphism, for each i = 0, . . . , r − 1. We are going to use induction on the length r of the chain of linked modules.
Assume first that r = 1. Thus P r = P , and we set Q = P 0 . Since Hom R (P , P 0 ) = 0 by the properties of the Ext-injective partition observed after Proposition 2.2, we know that there exists a nonzero homomorphism P 0 → P . Since the image of this homomorphism has to be projective and a direct summand of P 0 , we deduce that there is a monomorphism u : P 0 → P . Now, we know that it is not the case that Ext and P ∈ U γ . This gives a homomorphism h :
which is necessarily projective and has a splitting map k : P 1 → Y such that h • t • k = 1 P 1 (by identifying here h • t and its restriction in the codomain to P 1 ). The image of u is then contained in P 1 , so that we have u(P 0 ) ⊆ P 1 ⊆ P . If P 1 = P , then P would be isomorphic to a direct summand of Y . If s : Y → X is the homomorphism of the above sequence, then s(k(P 1 )) = 0 because Hom R (P , X) = 0. It would follow that k(P 1 ) ⊆ f (P 0 ) and hence a module isomorphic to P would be isomorphic to a submodule of P 0 . But this is impossible, because the length of P is greater than the length of P 0 . On the other hand, suppose that u(
is an isomorphism (when we restrict both homomorphisms to P 1 in the codomain) and hence f is a split monomorphism, which is impossible because the given sequence is non-split. Therefore we have P 0 ⊆ P 1 ⊆ P with proper inclusions.
By the properties of the Ext-injective partition, we have that P 1 ∈ U ρ and γ ρ α. Now, P 1 / ∈ U β by the hypothesis, so that ρ = β. If ρ > β, then the pair of modules (P 1 , P ) and the ordinals (γ , ρ) are in the same situation as the originally given pairs (P 0 , P ) and (γ , α). Similarly, if ρ < β, then the same holds for the pairs (P 0 , P 1 ) and (ρ, α). In both cases, we may repeat the argument, to find a longer chain of proper inclusions between projective modules
Thus we might proceed in this way, but it is clear that the number of steps cannot be greater than the difference of the lengths of P and P 0 . Thus the construction is not possible, and the pair (P 0 , P ) as presumed does not exist.
Suppose now that r > 1 and the result is true for pairs of projective modules connected by less than r modules. We have the given sequence of indecomposable projectives Q = P 0 , P 1 , . . . , P r = P , with Q ∈ U α and P ∈ U γ , and γ < β < α. Suppose P 1 ∈ U ρ . As above, we know that ρ = β, by hypothesis. If ρ > β, then we consider the pair (P 1 , P ) with projective modules linked by r − 1 homomorphisms and by the induction hypothesis, this situation is not possible. The case with ρ < β is similar. 2
We can now determine precisely the position of projective indecomposable left R-modules in the Ext-injective partition of R-ind.
Corollary 2.11. Let R be a left pure semisimple hereditary and indecomposable ring, with the Ext-injective partition R-ind
= α δ U α . Let δ = β + n,
where β is a limit ordinal and n is a non-negative integer. Then there is a non-negative integer m n such that every projective indecomposable left R-module belongs to one of the sets U β+k with m k n, and each such set U β+k contains a projective module.
Proof. First, note that all the modules in U δ are projective. Let α be the smallest ordinal such that U α contains a projective module. If α < δ, then by Proposition 2.10, for any ordinal γ such that α γ δ, U γ also contains a projective module. Since the number of non-isomorphic projective indecomposable left R-modules is finite, it clearly follows that there must exist a non-negative integer m satisfying the properties stated in the corollary. 2
Next we determine the position of the preprojective left R-modules in the Ext-injective partition of R-ind. The following result shows, in particular, that if R has infinite representation type, there are no indecomposable left R-modules that are both preinjective and preprojective. It is interesting to note that a similar property holds for all indecomposable hereditary artin algebras (see [11, Proposition VIII.1.14]).
Corollary 2.12. Let R be a left pure semisimple hereditary and indecomposable ring, with the Ext-injective partition R-ind
where β is a limit ordinal and n is a non-negative integer. Then the indecomposable modules in the sets U β+k , with 0 k n, are precisely all the preprojective left R-modules.
Proof. First, it is clear that every module M in U β+k is preprojective, because the only indecomposable modules X with the property Hom R (X, M) = 0 must belong to the sets U β+k+s with s 0. Thus, there are only finitely many such modules and so M is preprojective. Now, take any module M in U α with α < β. Set C 0 = γ α+1 U γ . Note that, by Corollary 2.11, all projective indecomposable left R-modules must belong to C 0 . So, if C = add(C 0 ), we know by Proposition 2.6 that a C-cover of M has all its indecomposable direct summands in U α+1 . Therefore, there exists an indecomposable module L 1 ∈ U α+1 such that Hom R (L 1 , M) = 0. A similar argument shows that there exists an indecomposable module L 2 ∈ U α+2 such that Hom R (L 2 , M) = 0. By the same way and an obvious induction, we obtain infinitely many indecomposable modules with nonzero homomorphisms to M, and consequently M is not preprojective. Therefore, a module M is preprojective if and only if M belongs to some set U β+k , with 0 k n. 2
As another application of the Ext-injective partition, we rediscover the following result, due to Simson and Skowroński [44, Theorem 2.4] . Recall that the Jacobson radical rad(R-mod) of the category R-mod is the two-sided ideal of R-mod generated by all non-invertible homomorphisms between indecomposable modules in R-mod. The infinite Jacobson radical of R-mod is defined as rad Proof. The hypothesis that the infinite Jacobson radical rad ∞ (R-mod) of R-mod is zero means that there does not exist a nonzero non-isomorphism f : X → Y between indecomposable modules X and Y in R-mod, such that f can be factored through a sequence of n non-isomorphisms between indecomposable modules in R-mod, for any positive integer n (see [44] Continuing this process, and by induction, we will see that the nonzero morphism f : X → Y 0 can be factored through a sequence of n non-isomorphisms between indecomposable modules in R-mod, for any positive integer n, which contradicts the hypothesis that rad
Endomorphism rings in the Ext-injective partition
In this section, R will be a left pure semisimple hereditary ring. We shall denote the Ext-injective partition of R-ind as R-ind = α δ U α with the assumption that U δ is not empty. For each ordinal
. . , P s be the indecomposable projective modules that do not belong to I α . Then set W α = W α ⊕ P 1 ⊕ · · · ⊕ P s . We define also I α = {P 1 , . . . , P s } ∪ I α , and C α = add(I α ) while C α = add(I α ).
We use this notation, without further reference, throughout this section. When R is not of finite representation type, the module W ω has been studied in [2] (see also [21, 22] ), as being a key module that contains important information about the pure semisimple ring R. It was shown in [3] that W ω (which is W ω if R is indecomposable, since there are no projective preinjective indecomposable left R-modules, by [2, Theorem 3.5] or Corollary 2.11) is a tilting module and its endomorphism ring is left pure semisimple and hereditary (but not right artinian; see [3, 22] ). Our purpose here is to extend the ideas in [3] , studying the endomorphism rings of all the modules W α for any ordinal α δ.
We recall that a finitely generated left R-module W is tilting in case the class Gen(W ) of all left R-modules generated by W coincides with the class W ⊥ of all left R-modules X that satisfy Ext Proof. Let us call W = W α , C = C α and C = C α . Choose any β < α and M ∈ U β . By Proposition 2.6, if 
There is also a torsion theory of R-mod connected to the module W α for a given ordinal α δ.
By the conditions of the Ext-injective partition, we know that every finitely presented left R-module is, in a unique form, the direct sum of a module belonging to D = add( β α U β ) and a module belonging to add(I α+1 ). If we write C 0 = add(I α+1 ), this means that (D, C 0 ) is a split torsion theory of R-mod.
We now generalize [3] by studying the endomorphism rings of all tilting modules W α . The next result follows from the Tilting Theorem (see, e.g., [13, 14] ). Proof. Note that S is left artinian. Hence, to prove that S is left pure semisimple, it suffices to show that for every infinite sequence of non-isomorphisms
with the modules M n being indecomposable finitely presented left S-modules, there exists an inte-
Thus suppose we are given an infinite sequence of non-isomorphisms between indecomposable finitely presented left S-modules as above, and assume that
Since each M n must belong either to X or to Y, we obtain a similar sequence with all M n ∈ X or all M n ∈ Y (because there are no nonzero homomorphisms from the modules in X to the modules in Y). But the equivalence of X (respectively, Y) with the subcategory C 0 (resp., D) of R-mod takes the sequence to an infinite sequence of non-isomorphisms between finitely presented indecomposable left R-modules in C 0 or in D, such that the composition of m homomorphisms in the sequence (for any m) is = 0. This contradicts the fact that R is left pure semisimple, and thus shows that S is left pure semisimple.
To see that S is (left) hereditary, suppose that there is an S-monomorphism N → P where P is projective. Then, any indecomposable direct summand K of N embeds in a finite direct sum of pro-
is also a monomorphism viewed in the subcategory Y. Therefore, the corresponding homomorphism K 1 → r i=1 L i is a monomorphism in the equivalent category D. In particular, it is not zero. Now, if we have that the induced homomorphism
Since R is hereditary, we infer that K 1 is projective. But since K 1 ∈ D, this entails that K 1 is one of the indecomposable direct summands of W . Hence H(K 1 ) = K is projective, and S is hereditary, as we wanted to see. 2
We obtain now the following interesting property of endomorphism rings of indecomposable modules. Note that, by [45, Corollary 4.6] , if R is an artin algebra such that the endomorphism ring of each finitely generated indecomposable left R-module is a division ring, then R is of finite representation type.
Proposition 3.5. Let R be a left pure semisimple hereditary ring. If M is an indecomposable left R-module, then End R (M) is a division ring.
Proof. Let δ be the largest ordinal with U δ = ∅ and let α δ be such that M ∈ U α . Then we know that W α is a tilting module, by Proposition 3.1. Moreover, the category equivalence takes M to H(M), a projective left S-module, S being the endomorphism ring of W α (see the remark before Proposition 3.4). Thus, the endomorphism ring of M is isomorphic to the endomorphism ring of an indecomposable projective left S-module H(M), and S is left pure semisimple and hereditary by Proposition 3. [1, Exercise 28.9] ). This, in turn, is equivalent to the fact that both X and Y are endofinite. As an application of our method, we provide below an alternative proof of Simson's result for indecomposable rings, as follows. Proof. Suppose, on the contrary, that R is not of finite representation type. Let δ be the largest ordinal such that the set U δ of the Ext-injective partition of R-ind is not empty, and δ = β + n for a nonzero limit ordinal β and some non-negative integer n. By Corollary 2.12, all the modules in U β are preprojective. But the direct sum W β of the modules in U β is not endofinite by Theorem 3.6. This contradiction shows that some preprojective left R-module is not endofinite. 2
For the next result, we will need the following observation. By using the equivalences H, T of Theorem 3.3 we have that
We also remark that, with the same notation, Ext Proof. Since R is indecomposable, we know that any two indecomposable projective left R-modules are connected by a finite chain of nonzero homomorphisms (between projective indecomposable modules). Now, if M, N are arbitrary indecomposable left R-modules, then we may take projective indecomposable modules P 1 , P 2 with nonzero homomorphisms P 1 → M and P 2 → N, and it follows that M, N are connected through a finite chain of nonzero homomorphisms between indecomposable modules. Moreover, by writing each nonzero homomorphism in the sequence as an epimorphism followed by a monomorphism, we have that for any pair (M, N) of indecomposable left R-modules, there exists a finite sequence of indecomposable modules 
which is not split because the original sequence is not split. This implies that Ext 
We assume again that R is a left pure semisimple hereditary and indecomposable ring, so that δ = β + n is the largest ordinal such that U δ is not empty and β is a limit ordinal, so that β and n are uniquely determined by δ. We shall employ the following notation. For any limit ordinal α β, set U α = k<ω U α+k . With this notation, we have the following result. by Proposition 2.10 and we know that both projective modules are connected through irreducible maps, as seen in the beginning of this proof. So, we assume that U α+k does not contain projective modules. We choose N ∈ U α+k with the property that Hom R (X, N) = 0 for any X ∈ U α+k and X = N. This module always exists because the contrary assumption implies that there is X ∈ U α+k and a sequence of nonzero homomorphisms starting and ending at X . But the equivalence H carries the indecomposable direct summands of W α+k to the projective left S-modules, and hence there would exist a corresponding loop with projective indecomposable modules over the hereditary left pure semisimple ring S, which is impossible because all homomorphisms between indecomposable projectives are monomorphisms. This shows that such an N as above must exist.
Let C 0 = add( ρ>α+k U ρ ), and h : X → N be a C 0 -cover, which exists by Lemma 2.4. By the choice of N and properties of the Ext-injective partition, there are no nonzero proper homomorphisms from modules in U γ with γ α + k to N. Thus h is a minimal right almost split epimorphism. Then, according to [11, Theorem V.5.3] , some indecomposable summand of X has an irreducible map to N. But all indecomposable direct summands of X belong to U α+k+1 , by Proposition 2.6, and this completes the proof. 2
Proof of the main theorem and some remarks
In this brief final section, first we show how our main result, Theorem 1.1, can be deduced from various results in the preceding sections.
Proof of Theorem 1.1. Let R be a left pure semisimple hereditary indecomposable ring of infinite representation type. The existence of the Ext-injective partition R-ind = α δ U α follows from Proposition 2.2. Let δ = β + n, where β is a limit ordinal and n is a non-negative integer.
(1) For all X ∈ U γ , Y ∈ U λ with γ < λ, it is clear that Hom R (X, Y ) = 0, by (the proof of) Proposition 2.2.
(2) It follows from Proposition 2.3 (and the observations following it) that the preinjective left R-modules are precisely those indecomposable modules that belong to some set U n (n being a non- We conclude the paper with some remarks. (3) It was shown in [24] that, if R is any left pure semisimple ring of infinite representation type, then the indecomposable left R-modules have a partition into the finite take-off part, the infinitely countable landing part, and the regular part, according to their Gabriel-Roiter measures. Moreover each module in the landing part is preinjective. There appears a close relationship between the partition of R-ind following the Gabriel-Roiter measures, and the Ext-injective partition of R-ind, in case R is hereditary and indecomposable.
